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0 and are allowed to undergo complex isometric and elastic de-23 formations, and may contain missing parts. Below, we summa-24 rize some of the state-of-the-art methods for 3D face modeling 25 that are relevant to our paper; most of these methods focus on 26 face recognition rather than the general statistical analysis task.
27
Many approaches are based on markers to model the 3D resented by a markerless morphable model, which can be used 47 for identity recognition [6] and face animation [7, 8] . In [6] , 48 a hierarchical geodesic-based resampling approach is applied 49 to extract landmarks for modeling facial surface deformations.
50
The deformations learned from a small group of subjects (con- 
102
The main limitation of these works is that they utilize a curve 103 representation of 3D faces. Thus, registrations between the sur-104 faces are curve-based, and the correspondence between the ra-105 dial curves must be known a priori (very difficult in practice).
106
As a result, the computed correspondences and any subsequent 107 computations tend to be suboptimal. Furthermore, to the best 108 of our knowledge, these approaches did not thoroughly inves- There is also a number of methods in the graphics liter- 
158
The rest of this paper is organized as follows. Section 2 de-159 fines the mathematical framework. Section 3 presents the appli-160 cability of the proposed method to various 3D face processing 161 tasks. We close the paper with a brief summary in Section 4. 
Mathematical Framework

163
In this section, we describe the main ingredients in defining 164 a comprehensive, elastic shape analysis framework for facial 165 surfaces. We note that these methods have been previously de- 
, and is used to define the corresponding Riemannian abilities in 3D face data. Given two surfaces f 1 , f 2 2C , the 218 exact solution comes from the following optimization prob- 
We take all products of these two bases while en-
250
suring that the boundary of the unit disk is preserved. Then,
251
to define an orthonormal basis of T γ id (Γ) we use the Gram-
252
Schmidt procedure. This results in a finite, orthonormal basis
In the following sections, we
is the optimal rota-255 tion and γ ⇤ 2 Γ is the optimal re-parameterization. Then, the 256 geodesic distance in the shape space S = C/(SO(3)⇥Γ) is com- is a database of annotated 3D facial expressions, collected by ing to four levels of intensity (low, middle, high and highest).
295
Thus, there were 25 3D facial expression models per subject 296 in the entire database. We use a subset of this data with high- Then, each radial curve β α is obtained by slicing the facial sur-304 face by a plane P α that has the nose tip as its origin and makes 305 an angle α with the plane containing the reference curve. We 306 repeat this step to extract radial curves at equally-separated an-307 gles, resulting in a set of curves that are indexed by the angle α.
308
Thus, the facial surface is represented in a polar (radius-angle) 309 coordinate system. We use 50 radial curves sampled with 50 310 points in our surface representation (50 ⇥ 50 grid).
311
Face Deformation: We generate facial shape deformations us- clearly defined. The same can be observed in the eye region.
330
As will be seen in the next section, these distortions become ure we display the optimal re-parameterizations that achieve the 334 correspondence between these surfaces; these are clearly non-335 linear and depict natural transformations. We also generated mannian metric hh·, ·ii to perform PCA; thus, we sacrifice some 380 mathematical rigor in order to improve computational efficiency.
381
The principal singular vectors of K can then be mapped to a sur-382 face f using the exponential map, which we approximate using original data. This leads to more parsimonious shape models.
391
In contrast to the principal directions seen in C, the ones in S puted 11⇥66 distance matrices in C, S, and using the method in 
